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by
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Goddard Space Flight Center

SUMMARY

The tables for the development of the disturbing function,
published by Brown and Brouwer in 1933, are extended for use in
investigating sharp commensurabilities and in computing long
period effects in the motions of minor planets with large orbital
semi-major axes. The logarithms of the coefficients of cos iS
in the expansions of A-! and A-? are tabulated for i = 12
through 24.
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AN ADDITION TO THE YALE TABLES FOR THE DEVELOPMENT
OF THE DISTURBING FUNCTION

by
Lloyd Carpenter
Goddard Space Flight Center

INTRODUCTION

Despite well developed techniques for the numerical integration of perturbations, the
development of perturbations into series (general perturbations) is still of great interest
and importance for the study of celestial bodies with peculiar orbital elements. In addi-
tion, stability problems preferably should be solved in an analytical way. This report is
an initial step in the analytical development of perturbations of some planets with pecul-

iar elements.

For investigations of sharp commensurabilities such as those of Orlov (Reference 1)
and long period effects in the motions of minor planets, it is desirable to have an exten-
sion of the tables for the development of the disturbing function which were published by
Brown and Brouwer (Reference 2). These tables give the logarithms of the coefficients
of cos iS in the expansions of aA~!, A"3, A"5, and A7 for i = 0 through 11 and
p = 0 through 2.5 with p in steps of .01. For first order general perturbations of ce-
lestial bodies with large orbital semi-major axes, the coefficients in the expansions of A-!
and A3 are needed for larger values of the index, i, than are given in the existing
tables. The logarithms of these coefficients, together with their second differences, are
tabulated here for i = 12 through 24 and p = 0 through 2.5. The coefficients pre-
sented here were computed by the method given by Brown and Brouwer in 1933 (Refer-
ence 2). However, some of the equations were taken from Brown's earlier article (Ref-

erence 3).

DERIVATION OF TABLES

The basic equation to be solved for G} is

(1 -2acosS + a?)”* = (1 - a%)-* <%Gs(°) + 2GSV al cos iS) ) (1)



where

Gs(i) = C’(i) gs(i) , (2)
CS(O) = 2,
N sls + 1)e-els + i - 1)
cl = 2 T (3)
; 1 - s s {s + 1) (1 - s) (2 -5s)
(i) = §1 - S . . 2 ces
€s 1 i +1 Pt T i+DG+2P " S
a?
p = ﬁ : (5)
- a

d
The series (Equation 4) for g5 ?*> and the corresponding series for EE were evaluated
by summing the first three terms and then applying a form of the Euler summability
process to the next twenty-two terms. Taking N differences in the Euler transformation,

-]
Z =0k f, o1 [f N S I N L AP f] v (6)

is equivalent to writing

© m+N
Z (-D)* f, = Z (-1)% A, f, , %)
k=m k=m
where
N , .
}
A = —_— .
k Z 2i+1 (k - m) (8
jak-m

Thus the coefficients in terms 4 thru 25 of the series (Equation 4) were multiplied by the
coefficients A, determined from Equation 8 with m = 4 and N = 21. An accuracy

$12-D
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dp ‘\ % dp 2

\

. . . d 2
test was made by evaluating the corresponding series for __ /¢ (“)> , i (gl( 24))
2

p
and f (g1(24)> dp, for p = o.s, 1.0, +++, 2.5. The left hand sides of the test equations
0 2

d2 . d . 1 .
+ p? (DY + (2p + 1 + 1) —(gfV)) + gl =0 9
(p + 97 dpz(gs ) p 0o le®) v e (9)
and
d . . 1 P .
2 - i) 5 i _ il
(p + P2 i (g) + i (g - 1) + 4[) el g = 0 (10)
were evaluated and found to be less than 107!° in all cases.
After g,(24) and di<gl(24>> were evaluated from Equation 4, ¢ (23) was
2 p 7 5
computed from the equation
. . p d .
(i=1) = (i) Z g (1) . 11
s e 7ol (11)

The values of gl(i) for i = 22, 21,
7

.., 0 were computed from the recurrence relation

. . . sls - 1) ;
g’(l) - gs(1+1) + p ‘:gs(n»l) _ gs(14»2) + e gs(""2):| (12)

1 + p (i + 1) (i

As a check, the values for i1 = 0, 1, ., 11 were computed for comparison with the

tables of Brown and Brouwer.

]

.. 1 .
After the coefficients were evaluated for s = ; the recurrence relation
g} = el ¢ (D (13)
where

Hs(i) = gg(i) - gs(“1) + gs( . (14)



was used to compute g3“> for i = 0, 1, +++, 23, The relation
2
: i+ 1 . .
Wi = T (el + nD) (15)

(24) |
3
2

was used to compute ¢

CONCLUSIONS

The values of log G(?) and the second differences for i = 12 through 24 are given
in Appendix A. The differences between the values of log G*) given by Brown and
Brouwer and the values computed here are given in Appendix B. The differences are
sufficiently small to be of no consequence, yet they are somewhat larger than would be
expected from Reference 2 — especially for p between 1.5 and 2. Consequently, some
further checks were made. First, the method of analytic continuation given by Brown
(Reference 3) was applied for values of p greater than one. The test equations yield errors
less than 107'? when this method is used. The results agree with those obtained above
by the author.

The second test was a numerical evaluation of the integral
- 2)s ”
e =2 [(1——3—)—} f (1 - 2acos S + a2)~* cos iS dS. (16)
0

This test was made for p = 1.5, 1.55, 1.6, *** 2.0. Again the results agree with
those obtained herein. The results given in Appendix A are accurate except for possible
round-off error of one unit in the eighth place.

For purposes of machine - rather than hand - computation of general perturbations,
it is planned that these coefficients will be computed as needed in the program.
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APPENDIX A

Values of log G,“’ and their Second Differences
for i = 12 through 15
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